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Abstract
Quantum Liouville theory is annualized in terms of the infinite dimensional repre-
sentations of Uqsl(2,C) with q a root of unity. Making full use of characteristic features
of the representations, we show that vertex operators in this Liouville theory are fac-
torized into classical vertex operators and those which are constructed from the finite
dimensional representations of Uqsl(2,C). We further show explicitly that fusion rules
in this model also enjoys such a factorization. Upon the conjecture that the Liouville
action effectively decouples into the classical Liouville action and that of a quantum
theory, correlation functions and transition amplitudes are discussed, especially an in-
timate relation between our model and geometric quantization of the moduli space of
Riemann surfaces is suggested. The most important result is that our Liouville theory
is in the strong coupling region, i.e., the central charge cL satisfies 1 < cL < 25. An
interpretation of quantum space-time is also given within this formulation.
———————–
∗ e-mail address: stakashi@cc.it-hiroshima.ac.jp
1 Introduction and Setup
Liouville theory, classically, has a deep connection to the geometry of Riemann surfaces.
Indeed, the solution to the Liouville equation yields Poincare´ metric on the upper-half-plane
or the Poincare´ unit disk on which Riemann surfaces are uniformized [1]. In the light of this
fact it is natural to expect that quantum Liouville theory gives some insights into quantum
geometry of surfaces. Physically speaking, this problem is nothing but the quantum gravity
of 2D space-time. The appearance of the Liouville theory as a theory of quantum gravity,
so-called Liouville gravity, was first recognized by Polyakov in the study of non-critical string
theory [2]. In the string theory embedded in the D dimensional target space, the partition
function is a function Z[g] of the surface metric g, and is invariant under the group of
diffeomorphism acting on the metric g, while it transforms covariantly under local rescalings
of the surface metric as,
Z[eΦgˆ] = e
C
48π
SL(Φ:gˆ) Z[gˆ]. (1.1)
Here SL(Φ : gˆ) is the Liouville action with the background metric gˆ, and is written as
SL(Φ : gˆ) =
∫
Σ
d2z
√
gˆ
{
1
2
gˆab∂aΦ∂bΦ+ Λe
Φ(z,z¯) +RgˆΦ(z, z¯)
}
, (1.2)
where C is the central charge of the total system, the string coordinates and the reparametriza-
tion ghosts. The metric on the Riemann surface Σ parameterized by the complex coordi-
nate (z, z¯) is given by ds2 = eΦ(z,z¯)gˆzz¯dzdz¯. We denote by Λ the cosmological constant.
Rgˆ is the Gaussian curvature measured with the background metric gˆ and is given by
Rgˆ = −2gˆzz¯∂z∂z¯ log
√
gˆ. Up to now, a number of works (there are too many works to cite
here, see, e.g., Refs.[3]–[6] and Ref.[7] for a review) have looked at the quantum Liouville
gravity and revealed many remarkable results.
One of the important features of the quantum Liouville theory is that it possesses quan-
tum group structure of Uqsl(2,C) implicitly. Precisely, vertex operators in the theory can
be expressed in terms of the highest weight representations of Uqsl(2,C). We should now
remember that, as in the classical algebra sl(2,C), there are two kinds of highest weight
representations of Uqsl(2,C), i.e., of finite dimension and of infinite dimension, and they are
completely different from each other. Owing to this fact, one can expect that there are two
entirely different versions of the quantum Liouville theory. In one version either finite or
infinite dimensional representations are well-defined and we will show that which type of rep-
resentations appears depends on the charges of the vertex operators. The quantum Liouville
gravity investigated so far are mainly associated with the finite dimensional representations
of Uqsl(2,C)[8]. In this case, however, we have a strong restriction on the central charge
of the Liouville gravity, cL ≥ 25, so-called D = 1 barrier. Such gravity is often called the
Liouville gravity in the weak coupling regime, or for short, weak coupling Liouville gravity.
On the other hand, one expects that the quantum Liouville gravity associated with the
infinite dimensional representations is completely different from the previous one and that it
can get rid of the barrier, that is, the central charge may be in the region 1 < cL < 25. The
Liouville gravity whose central charge is in this region is often called the strong coupling
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Liouville gravity. One of the progresses for the strong coupling Liouville gravity has been
made in Refs.[9, 10]. They have shown that, upon using infinite dimensional representations
of Uqsl(2,C), consistent gravity theories can be constructed if and only if the central charge
takes the special values 7, 13 and 19. This result makes us confident that the Liouville
gravity associated with the infinite dimensional representation is in the strong coupling
regime. However, as will be explained in Section 3, the deformation parameter q of the
algebra Uqsl(2,C) dealt with in Ref.[10] is not a root of unity. It should be emphasized
here that the infinite dimensional representations of Uqsl(2,C) when q is a root of unity
are drastically different from those with generic q [11]. In particular, a new and remarkable
feature is that every irreducible infinite dimensional representations necessarily factorizes into
a representation of the classical algebra sl(2, IR) and a finite dimensional one of Uqsl(2,C).
Along this line, it is worthwhile to investigate the Liouville gravity associated with the infinite
dimensional representations with q at a root of unity and observe how the characteristic
feature of the representations works in the theory of Liouville gravity. Motivated by this,
the aim of this paper is to investigate the quantum Liouville gravity via such representations
with hoping that such a theory would lead us to a different strong coupling Liouville gravity
from [10].
Hereafter, let us use the notations, RrootInf and RgeneInf the infinite dimensional representa-
tions of Uqsl(2,C) with q at a root of unity and generic q, respectively, and RF in the finite
dimensional ones.
We will see that the fields Φ(z, z¯) of the Liouville theory based on RrootInf should be
expanded around the classical Liouville field ϕcl(z, z¯) as Φ = ϕcl⊕φ, φ representing quantum
fluctuations around the classical field (see also Ref.[12]). In other words, the metric with
which our quantum Liouville theory is constructed should be chosen as ds2 = eκφ(z,z¯)gˆP
where κ is some constant and gˆP is the Poincare´ metric gˆP = e
ϕcl(z,z¯)dzdz¯ playing the role
of the background metric. In view of this, it will turn out that our Liouville theory is
effectively composed of two Liouville theories, one is the classical Liouville theory Scl(ϕcl)
and the other is the quantum Liouville theory Sq(φ : gˆP ) with respect to the field φ(z, z¯).
The sector Sq(φ : gˆP ) represents quantum fluctuations around S
cl(ϕcl) and is the Liouville
theory associated with RF in. We will explicitly show that our Liouville gravity is actually
in the strongly coupled regime, i.e., 1 < cL < 25.
The organization of this paper is as follows: Section 2 looks at the classical Liouville
theory in some details, especially from the viewpoints of geometric and algebraic structures
of the theory. The discussions of the quantum Liouville gravity are given in Section 3.
We will review in §3-1 the weak coupling Liouville theory briefly, and other sections, §3.2–
§3.5 are devoted to our main concern, i.e., the Liouville theory based on RrootInf . We will
show the decomposition of our theory into the classical theory and the quantum one, and
give a concept of quantum space-time. We further discuss about fusion rules and transition
amplitude. It will turn out that our formulation of the quantum Liouville theory admits a
nice interpretation in the context of the geometric quantization of Ka¨hler geometry of moduli
space. Here the classical sector, whose appearance is the peculiarity of our formulation, of
correlation function plays an important role, i.e., the Hermitian metric of a line bundle over
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the moduli space. In section 4, some discussions are given. Appendix reviews the infinite
dimensional representations of Uqsl(2,C) with q at a root of unity.
2 Classical Liouville Theory
In this section, we will introduce some backgrounds of the classical Liouville theory and
Riemann surfaces for our later use, especially algebraic and geometric aspects of the theory.
It is known that the classical Liouville theory describes hyperbolic geometry of Riemann
surfaces. Let Σg,N be a Riemann surface with genus g and N branch points {zi} of orders
ki ∈ IN≥2. The equation δSL = 0 yields the Liouville equation of motion
∂∂Φ(z, z¯) =
Λ
2
eΦ(z,z¯). (2.1)
Here we have made a specific choice of the background metric as gˆab = δzz¯. In that case,
the Gaussian curvature is given by Rg = −Λ, i.e., constant curvature. According to the
Gauss-Bonnet theorem, Σg,N admits metrics g with constant negative curvature, called the
Poincare´ metric, for the negative Euler characteristic χ(Σg,N ) < 0. Noticing that, for any
metric g˜ on Σg,N , there exists a scaling factor e
λ such that g = e−λg˜ has constant negative
curvature Rg = −1, we will set Λ = 1 hereafter. Note however that such a setting cannot be
allowed for the quantum case.
Let us explain the connection between the Liouville theory and the Fuchsian uniformiza-
tion of Riemann surfaces. The uniformization theorem states that every Riemann sur-
face with negative constant curvature is conformally equivalent to the quotient of the unit
disk D = {w ∈ C| |w| < 1} by the action of a finitely generated Fuchsian group Γ, i.e.,
Σg,N ∼= D/Γ. In terms of the uniformization map, JΣ : D → Σg,N a solution to the Liouville
equation (2.1) is written as
eϕcl(z,z¯) =
|∂zJ−1Σ (z)|2
(1− |J−1Σ (z)|2)2
. (2.2)
Upon rewriting J−1Σ (z) = w, the coordinate on D, the solution (2.2) gives the Poincare´
metric on D,
ds2 =
dw ∧ dw¯
(1− ww¯)2 . (2.3)
Note that the PSL(2, IR) fractional transformations for J−1Σ (z) leave the metric invariant.
The classical Liouville theory is a conformally invariant theory. This is due to the fact
that the energy-momentum (EM) tensor defined by Tab = 2π/
√
gˆ(δSL/δgˆab) is traceless, i.e.,
T clzz¯ = 0. The (2, 0)-component is given by
T clzz =
1
γ2
[
−1
2
∂zϕcl∂zϕcl + ∂
2
zϕcl
]
, (2.4)
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and is conserved, i.e., ∂z¯T
cl
zz = 0. Here it should be emphasized that the second term in
eq.(2.4) coming from the last term of the action (1.2) is indispensable in order for the EM-
tensor to be traceless and satisfy the correct transformation law of a projective connection
under holomorphic coordinate change z = f(z˜),
T˜ clz˜z˜(dz˜)
2 =
(
df
dz˜
)2
T clzz(dz)
2 +
1
γ2
{f, z˜}S(dz˜)2,
{f, z˜}S = f
′′′
f ′
− 3
2
(
f ′′
f ′
)2
. (2.5)
Indeed, using the fact that the metric eΦ(z,z¯) is a primary field of dimension (1, 1), or equiv-
alently, it transforms under the coordinate change as
eϕ˜cl(z˜,
¯˜z)dz˜d¯˜z =
∣∣∣∣∣ dz˜dz
∣∣∣∣∣
2
eϕcl(z,z¯)dzdz¯, (2.6)
one can check that the EM-tensor satisfies the transformation law (2.5). This transformation
law of EM-tensor indicates that the central charge c0 of the classical theory is
c0 =
12
γ2
. (2.7)
We next discuss the algebraic structure of the classical Liouville theory. To see this, let
us take the α-th power of the metric (2.2) at a special point P . Geometrically it corresponds
to a branch point P on the surface, and α is related to the order k of the branch point as
αi =
1− k−2
2γ2
. (2.8)
One immediately finds there are two entirely different regions of α, namely, (I) α = −j ≤
0, (j ∈ Z/2) and (II) α = h > 0. It lies in this fact that there are two kinds of quantum
Liouville gravity, i.e., of strong coupling and weak coupling regimes. In order to see this
more explicitly, we calculate the α-th power of eq.(2.2),
(I) e−jϕcl(z,z¯) =
 1− |J−1Σ |2√
∂zJ
−1
Σ ∂z¯J
−1
Σ
2j = j∑
m=−j
N jmψ
j
m(z)ψ
j,m(z¯) (2.9)
(II) ehϕcl(z,z¯) =

√
∂zJ
−1
Σ ∂z¯J
−1
Σ
1− |J−1Σ |2
2h = ∞∑
r=0
Nhr λ
h
r (z)λ
h,r(z¯), (2.10)
where N jm, N
h
r are binomial coefficients. Although we can represent the functions ψ
j
m(z) and
λhk(z) in terms of a free field, we are not interested in the explicit expressions within the
latter discussions. The crucial fact is that ψjm(z) and λ
h
r (z) form, respectively, the finite and
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the infinite dimensional representations, V clj and V
cl
h , of sl(2,C): Denoting by E+, E−, H
the generators of sl(2,C) satisfying the relations [E+, E−] = 2H, [H,E±] = ±E±, these
representations are,
V clj = {ψjm(z) |E+ψjj = E−ψj−j = 0, Hψjm = mψjm, −j ≤ m ≤ j},
V clh = {λhr (z) |E−λh0 = 0, Hλhr = (h+ r)λhr , r = 0, 1, · · ·}. (2.11)
One can further show that the chiral sector ψjm(z) and λ
h
r (z) satisfy the Poisson-Lie relations
of the algebra sl(2,C)[15, 16].
{ψj1m1(z1) ⊗, ψj2m2(z2)} = −πγ2(rj1j2)m
′
1
m′
2
m1m2ψ
j2
m′
2
(z2)ψ
j1
m′
1
(z1), (2.12)
where rj1j2 is the sl(2,C) ⊗ sl(2,C) valued classical r-matrix, r = H ⊗H + E+ ⊗ E−. The
same relations hold also for λhr (z). Upon the general philosophy that the quantization of the
Poisson-Lie algebra g yields the quantum universal enveloping algebra Uqg endowed with
Yang-Baxter relation, these algebraic structures will be essential later.
As the last comment, it is necessary for the later discussions to summarize the geometrical
aspects of the classical Liouville action. Since our main concern will be on the N punctured
sphere, i.e., a sphere with N branch points of orders infinity, we will confine ourselves to the
surface Σ0,N where punctures are located at {z1, z2, · · · , zN =∞}. Two Riemann surfaces of
this type are isomorphic if and only if they are related by an element of the group PSL(2,C)
− a group of all automorphisms of P1. Using this freedom we can normalize such Riemann
surfaces by setting zN−2 = 0, zN−1 = 1, zN = ∞, then Σ0,N = C\{z1, · · · , zN−3, 0, 1}. Defin-
ing the space of punctures as TN = {(z1, · · · , zN−3) ∈ C⊗N−3|zi 6= zj , for i 6= j}, one sees
that a point in TN represents a Riemann surface of the type Σ0,N . Moreover, if two Σ0,N ’s
are connected by an action of the symmetric group Symm(N), they should be regarded as
the same with each other. Hence, we get the moduli space of Riemann surfaces of the type
Σ0,N as,
M0,N = TN/Symm(N). (2.13)
For the surface Σ0,N , the Liouville field ϕcl(z, z¯) has the following asymptotics near the
punctures,
ϕcl(z, z¯)
z→zi−→
{ −2 log ǫi − 2 log | log ǫi|, ǫ1 ≡ |z − zi|, for i 6= N,
−2 log |z| − 2 log | log |z||, for i = N. (2.14)
Of course, such asymptotics enjoy the Liouville equation (2.1). Denote by ℑ a class of fields
on Σ0,N satisfying asymptotics (2.14). Due to the asymptotics, the action (1.2) diverges
for ϕcl ∈ ℑ and a regularized action has been obtained by Takhtajan and Zograf [18] in a
reparametrization invariant manner as
SL(ϕcl) = lim
ǫ→0
{∫
Σǫ
d2z
(
∂zϕcl∂z¯ϕcl + e
ϕcl(z,z¯)
)
+ 2πN log ǫ+ 4π(N − 2) log | log ǫ|
}
, (2.15)
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where Σǫ = Σ\∪N−1i=1 {|z−zi| < ǫ}∪{|z| > 1/ǫ}. The Euler-Lagrange equation δSL = 0 derives
again the Liouville equation (2.1). Owing to the regularization, however, the classical action
SL(ϕcl) is no longer invariant under the action of Symm(N) on TN . According to Ref.[17],
one can find, for a real constant k, 1-cocycle fkσ of Symm(N) satisfying
exp
(
k
π
SL(ϕcl) ◦ σ
)
|fkσ |2 = exp
(
k
π
SL(ϕcl)
)
. (2.16)
Here Symm(N) acts on the trivial bundle TN × C → TN as (t, z) 7→ (σt, fkσ (t)z), where
t ∈ TN , z ∈ C and σ ∈ Symm(N). It follows that the cocycle fkσ defines a Hermitian line
bundle Lk = TN×C/Symm(N) over the moduli spaceM0,N and the function exp( kπS
ϕcl
L ) can
be interpreted as a Hermitian metric in the line bundle Lk. This fact will play an important
role in the next section.
3 Quantum Liouville Gravity
As we have seen in the previous section, the classical Liouville theory describes the hyperbolic
geometry of Riemann surfaces Σ. Indeed, the classical Liouville field ϕcl(z, z¯) is a function on
Σ defining the Poincare´ metric in terms of the Fuchsian uniformization map. On the contrary,
in quantum theory, the Liouville field Φ(z, z¯) expresses quantum fluctuations of the metric
and so does the uniformization map J−1Σ (z). In other words, the coordinates (w, w¯) on the
unit disk are not ordinary complex numbers but in some sense quantum objects. This is the
reason why we regard the quantum Liouville theory as a theory of quantum 2D gravity or
quantum geometry of surfaces.
3.1 Introduction of Quantum Liouville Action
We start by summarizing how the quantum Liouville theory appears in the string theory.
The original definition of the string partition function is
Z =
∫
dτ [dΦ]g[dX]g[d(gh)]ge
−SX(X ;g)−Sgh(b,c;g)−Λ0
∫ √
g, (3.1)
with τ the Teichmu¨ler parameter, X = {Xµ} the string coordinates embedded in the D
dimensional target space and (gh) stands for the ghost coordinates {b, c} associated with
the diffeomorphism invariance. Choosing a metric slice g = eΦgˆ gives the following relation
for the path integral measures,
[dΦ]eΦgˆ[dX ]eΦgˆ[d(gh)]eΦgˆ = J(Φ; gˆ) [dΦ]gˆ[dX ]gˆ[d(gh)]gˆ (3.2)
where J(Φ; gˆ) is the Jacobian. The contributions to the Jacobian from [dX ] and [d(gh)]
was obtained by Polyakov [2], and that from [dΦ] was postulated [6] so that the partition
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function (3.1) finally had the following form,
Z =
∫
dτ [dΦ]gˆ[dX ]gˆ[d(gh)]gˆ e
−SX(X;gˆ)−Sgh(b,c;gˆ) (3.3)
× e−
∫
d2ξ
√
gˆ(A2 gˆ
ab∂aΦ∂bΦ+BRgˆΦ+Λe
CΦ).
The constants A,B are determined by calculating the responses of the Weyl rescaling gˆ →
eσgˆ and demanding the invariance of Z, one finds A = B = 25−D
48π
. Upon replacing Φ →√
12
25−D
Φ, we obtain the Liouville action
1
4π
SL(Φ : gˆ) =
1
4π
∫
Σ
d2ξ
√
gˆ
{
1
2
gˆab∂aΦ∂bΦ +Q0RgˆΦ + Λe
γΦ
}
, (3.4)
where
Q0 =
√
25−D
12
. (3.5)
On the other hand, the constant C plays the role of renormalized coupling constant. In
eq.(3.4), we have replaced OCC by γ, since the field Φ has been rescaled. and γ will be
related to the deformation parameter q of quantum group Uqsl(2,C).
The energy-momentum tensor of the Liouville sector is obtained as
Tzz = −1
2
(∂zΦ)
2 +Q0∂
2
zΦ, Tzz¯ = 0. (3.6)
The second equation is derived upon the equation of motion. The central charge of the
quantum Liouville theory is calculated as
cL = 1 + 12Q
2
0. (3.7)
Notice that the total conformal anomaly vanishes,
cX + cL + cgh = D + (26−D)− 26 = 0, (3.8)
which is consistent with the requirement of the conformal invariance.
For the time being, we will concentrate only on the Liouville sector. The correlation
function of N vertices are given by
〈Vα1(z1, z¯1)Vα2(z2, z¯2) · · ·VαN (zN , z¯N)〉 =
∫
ℑ
[dΦ] e−
1
4π
SL(Φ:gˆ)
N∏
i=1
Vαi(zi, z¯i), (3.9)
where the Liouville vertex operator with charge αi is given by
Vαi(zi, z¯i) = e
αiγΦ(z1,z¯i). (3.10)
Notice that, in this definition of the correlation function, the base manifold on which the
vertices live is not a manifold with branch points but just the sphere P1. Then the functional
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integral is performed over the space ℑ of all smooth metrics Φ(z, z¯) on P1. Since puncture
corresponds to the branch point of order infinity, all the punctures on Σ0,N correspond to the
vertex operators with charges αi = 1/2γ
2 (see eq.(2.8)). As in the classical theory, (2.9) and
(2.10), there are two distinct regions according to the value of the charge α, i.e., (I) α ≤ 0
and (II) α > 0. We will refer these two regions as (I) weak coupling region and (II) strong
coupling region. 1 In quantum theory, however, the difference between them becomes more
sever than the classical theory. There is a big gap known as the D = 1 barrier between two
regions. The weak coupling region, studied first by KPZ and DDK, has been investigated
by many authors. On the other hand, the quantum Liouville theory in the strong coupling
region is a long-standing problem. Our concern in this article is on this region and we will
investigate it by using quantum group methods. Before doing this, it is instructive to review
the Liouville theory in the weak coupling region.
3.2 Brief Review of the Weak Coupling Region
The standard approach to the weak coupling Liouville theory begins with the action (3.4).
Till now remarkable progresses have been done by many authors. Let us, in this section,
observe the quantum group aspects of the weak coupling Liouville theory. The quantum
group structure appears through the vertex operators, and has been studied extensively in
[8, 9]. A crucial fact is that, in this region, the finite dimensional representations of Uqsl(2,C)
appear. To be precise, writing the vertex operator with charge −j as
e−jγΦ(z,z¯) =
j∑
m=−j
N jmΨjm(z)Ψj,m(z¯), (3.11)
they have shown that Ψjm(z), m = −j, · · · , j form the 2j + 1 dimensional representation of
Uqsl(2,C) with
q = eπi
γ2
2 , (3.12)
and satisfy the braiding-commutation relations,
Ψj1m1(z1)⊗Ψj2m2(z2) =
(
Rj1j2
)m′
1
m′
2
m1m2
Ψj2m′
2
(z2)⊗Ψj1m′
1
(z1), (3.13)
where Rj1j2 is the universal R-matrix of Uqsl(2,C). The factorization property of the quan-
tum vertices is a natural guess from the classical result (2.9). The braiding-commutation
relation (3.13) reduces to the Poisson-Lie relation (2.12) in the classical limit, γ → 0. This
fact is in agreement with the general concept of quantum groups as the quantization of
Poisson-Lie algebras of classical Lie groups.
1According to the standard convention, the Liouville theories which are defined in the spacetime of
dimension D ≤ 1 and 1 < D < 25 are called, respectively, weak coupling theory and string coupling theory.
The reason why we use here the terms weak and strong is that it will be turned out later that vertices defined
in the weak (strong) coupling theory carry negative(positive) charges.
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An important fact of the region (I) arises in the relation between Q0 and the renormalized
coupling constant γ, that is,
Q0 =
1
γ
+
γ
2
. (3.14)
Substituting (3.14) into the general expression of the central charge (3.7), one obtains
cL = 13 + 6
(
γ2
2
+
2
γ2
)
(3.15)
and finds that the central charge always satisfies cL ≥ 25 (≤ 1) for a real (imaginary)
γ. Notice that γΦ should be real since eγΦ is the metric in this model. The very origin
that restricts the theory to the weak coupling region is the relation (3.14). This was first
obtained in Ref.[20] by requiring that the EM tensor (3.6) satisfies Virasoro algebra on the
cylindrical basis S1 × IR. Once Virasoro structure is found, one can apply the Coulomb
gas formulation of the minimal CFT to the Liouville theory, although the Liouville field is
no longer a free field. Let us explain briefly. Notice that the parameter Q0 corresponds to
iα0, α0 being the background charge in the Coulomb gas formulation and the highest weight
vector Ψjj(z) can be related to the primary field of the type V2j+1,1(z) in the Kac’s table,
where Vn,m(z) =: e
iαn,mφˆ(z) : with the charge αn,m = {(1 − n)α+ + (1 −m)α−}/2 and a free
field φˆ(z). Upon comparing eq.(3.14) and the relations α0 = (α+ + α−)/2, α+α− = −2, one
immediately sees that the renormalized coupling constant γ is related to one of the screening
charges, say, α+ as γ = iα+. With the above connections at hand, the correspondence
between the metric eγΦ(z,z¯) and the screening operator eiα+φˆ(z) which has conformal dimension
1 is now clear. Thus we obtain the correct dimension (1, 1) for the metric eγΦ(z,z¯) [6].
Furthermore, the relation (3.14) is consistent with the quantum group structure of Uqsl(2,C)
when the representation is of finite dimension. Indeed, the braiding commutation relation
which is deeply related to the q-6j symbols indicates that the operator e−jγΦ has dimension
−j− γ2
2
j(j+1). By comparing with the result of CFT that the dimension of the operator is
given as −1
2
jγ(jγ+2Q0), we then obtain (3.14). Thus in the weak coupling Liouville theory,
the relation (3.14) works well and plays an important role, although it is the origin of the
severe problem, the D = 1 barrier.
3.3 The Strong Coupling Region
Now we are at the stage to enter into the mysterious world of the strong coupling Liouville
theory. At the beginning, we propose a Liouville action for the strong coupling region,
ŜL(Φ : gˆ) = SL + S
′, with S ′ = λ
∫
d2z
√
gˆeϕcl(z,z¯), (3.16)
where SL is the Liouville action (3.4). We have introduced the additional cosmological term
S ′ whose necessity will be understood later. Note here that, owing to this term, the potential
reduces to the classical metric eϕcl(z,z¯) in the limit Φ → −∞, while, without this term, the
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potential vanishes in the limit. We will work, however, not with this action but with the
representations of the quantum group Uqsl(2,C) in the following discussions.
Let us turn to the quantum group structure. To do this, we introduce vertex operator
ehγΦ(z,z¯) denoting the charge h instead of α in this region. By definition the charge h is always
positive. As in the weak coupling case, the vertex operator allows holomorphic decomposition
as,
ehγΦ(z,z¯) =
∞∑
r=0
N h,rq Λhr (z)Λh,r(z¯). (3.17)
It can be shown that the vectors Λhr (z), r = 0, 1, · · · form an infinite dimensional highest
weight representation Vh of Uqsl(2,C) with (3.12). Thus in this region, infinite dimensional
representations appear instead of finite ones in the weak-coupling region. The question here
is the relation between Q0 and the renormalized coupling constant γ. If we require cL > 1
with maintaining the relation (3.14), the constant γ becomes complex. This fact means
that, as suggested in the previous section 3.1, the screening charges become complex and,
therefore, the dimensions of primaries are not real in general. Gervais and his collaborators
[10] have discussed the strong coupling Liouville theory under the situation. Their solution
to the problem is summarized in “truncation theorem”, which guarantees that only in the
special central charges cL = 7, 13 and 19, the chiral components of the Liouville vertices
form Virasoro Verma modules with real highest weights. Upon the relation (3.14) together
with the central charge (3.7), these central charges cL = 7, 13 and 19 give the values of the
constants γ, respectively, γ2 = −1 + i√3, 2i and γ2 = 1 + i√3. Notice here that, with
the definition eq.(3.12), the parameter q of the quantum group Uqsl(2,C) is generic. In
such a situation the relation (3.14) is actually consistent. As in the weak coupling region,
the braiding commutation relation in the case of infinite dimensional representations shows
that the dimension of the operator ehγΦ is calculated as h− γ2
2
h(h− 1). By comparing this
dimension with that obtained from the CFT method, that is, −1
2
hγ(hγ − 2Q0), we again
obtain (3.14).
Now we would like to ask a question, what will happen if we take the parameter q
being a root of unity. With the idea that the infinite dimensional representations RrootInf
and gncom are drastically different from each other, it is quite natural to expect that the
quantum Liouville theory associated with RrootInf has big difference from that based on RgeneInf .
Furthermore, since the q-6j symbols for the representations RrootInf is completely different from
those for RgeneInf , we could get rid of the relation (3.14) and, therefore, have any other values
of the central charge. In the following discussions, the only essential assumption is that our
Liouville theory possesses the structure of RrootInf .
Let q be a p-th root of unity, 2, i.e.,
q = eπi
p′
p i.e.,
γ2
2
=
p′
p
, (3.18)
with p, p′ ∈ IN, coprime with each other. Such representations are reported in the Appendix.
Once the parameter q is set to the value (3.18), the infinite dimensional highest weight
2 In this paper, as a matter of convention, q such that qp = −1 for ∃p ∈ IN is also called a root of unity.
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representations are parameterized by two integers µ and ν such that h→ hµν = ζp−j where
ζ = ν/2p′, j = (µ−1)/2. We denote by Vµ,ν the module on the highest weight state of weight
hµν and by Λ
µν
r (z) the r-th weight vector in the module Vµ,ν , namely, it corresponds to the r-
th holomorphic sector in the decomposition of the vertex operator ehµνΦ(z,z¯). One immediately
sees that the terms Λµνkp+s˜(z)Λ
µν,kp+s˜
(z¯), k = 0, 1, · · · , s˜ = µ, · · · , p − 1, disappear from the
vertex operator ehµνΦ(z,z¯) because, as shown in eq.(A.6), Λµνkp+s˜ are the elements in Xµ,ν , the
space of zero norm states, and so the vertex operator is given by means of the summation
only of Λµνkp+s(z)Λ
µν,kp+s
(z¯), s = 0, · · · , µ− 1, namely, the elements in the irreducible highest
weight module V irrµ,ν = Vµ,ν\Xµν . Therefore we can now use the important theorem in the
Appendix, more concretely, the relation (A.18): The irreducible highest weight module V irrµ,ν
is isomorphic to the tensor product V clζ
⊗Vj where V clζ and Vj are, respectively, the highest
weight representation of the classical algebra sl(2, IR) with highest weight ζ and the (2j+1)-
dimensional representation of Uqsl(2,C). Owing to the isomorphism, the holomorphic sector
factorizes as
Λµνkp+s(z) 7→ λζk(z)
⊗
Ψjm(z), (3.19)
and also does the anti-holomorphic sector.
Keeping this remarkable facts of RrootInf in mind, let us look at the N -point correlation
function in the Liouville theory associated with RrootInf ,
ZS[m : µi, νi] := 〈Vµ1ν1(z1, z¯1) · · ·VµNνN (zN , z¯N)〉
=
∫
[dΦ]e−
1
4π
ŜL(Φ;gˆ)
N∏
i=1
Vµiνi(zi, z¯i), (3.20)
where Vµiνi(zi, z¯i) = e
hµiνiγΦ(zi,z¯i), and m = (m,m) stands for the moduli parameters of the
surface. We will come back later to the discussions of correlation function and transition
amplitude as well. Before that let us enjoy our model with the remarkable nature of RrootInf .
Thanks to the factorizations (3.19) of the holomorphic sectors and the similar factorization
of the anti-holomorphic sector, the vertex operators in (3.20) are factorized as,
Vµiνi(z, z¯) =
∞∑
k=0
N ζik λ
ζi
k (zi)λ
ζi,k(z¯i)
⊗ ji∑
m=−ji
N jimΨjim(zi)Ψji,m(z¯i)
= eζiϕcl(zi,z¯i)
⊗
e−jiγ˜φ(zi,z¯i) (3.21)
where ϕcl(z, z¯) and φ(z, z¯) are, respectively, the classical and the quantum Liouville fields.
With the remarkable decompositions of the vertex operators at hand, we can now conjecture
that the action also separates effectively as
ŜL(Φ; 1I) → Scl(ϕcl; 1I) + Sq(φ; gˆP). (3.22)
Here the actions Scl(ϕcl; 1I) and S
q(φ; gˆP ) are the Liouville actions with respect to the fields
ϕcl(z, z¯) and φ(z, z¯), respectively, and are explicitly given by
Scl(ϕcl; 1I) =
1
β2
∫
d2z
(
∂zϕcl∂z¯ϕcl + λe
ϕcl(z,z¯)
)
, (3.23)
11
Sq(φ; gˆP ) =
∫
d2z
√
gˆP
(
∇φ∇φ+QRgˆφ(z, z¯) + Λeγ˜φ(z,z¯)
)
, (3.24)
where β is some constant and gˆP = e
τϕcldzdz¯ is chosen as the background metric for the
quantum sector. When τ = 1 in the exponent of gˆP , the background metric is just the
Poincare´ metric. The reason why we have introduced new coupling constant β is that, at
this stage, we have no idea how the coupling constant of the classical sector should be. On
the contrary, remembering that (see Appendix) the finite dimensional representations Vj
appeared by the decomposition has the same deformation parameter q as that of V irrµν , the
renormalized coupling constant γ˜ of the quantum sector should satisfy,
γ˜2
2
=
γ2
2
+ 2n, n = 0, ±1, ±2, · · · (3.25)
It should be emphasized that, upon the condition γQ0 = γ˜Q = 1, the conjecture (3.22)
together with (3.23),(3.24) is exactly true under the substitution γΦ = τϕcl + γ˜φ with
τ = γ/β.
Some remarks are now in order. The above observations seems to suggest that, in the
quantum Liouville theory via RrootInf , the Liouville field Φ(z, z¯) should be expanded as γΦ =
τϕcl + γ˜φ and, therefore, one can interpret the field φ as the quantum fluctuation around
τϕcl. In other words, the metric ds
2 = eγΦ(z,z¯)dzdz¯ is to be written as ds2 = eγ˜φ(z,z¯)gˆP and
eγ˜φ(z,z¯) represents quantum fluctuation of metrics around the classical background metric
gˆP = e
τϕcldzdz¯. If τ is set to be 1, the background metric gˆP becomes the Poincare´ metric.
Now we can give a possible interpretation of quantum 2D manifold according to the above
observations: Quantum manifold with metric eγΦ(z,z¯) should be considered as the total system
of 2D classical manifold with the metric eτϕcldzdz¯ and quantum fluctuations around the
classical surface. This interpretation matches quite well to the general concept of quantum
object. Note also that the action Sq(φ) governing the quantum fluctuations is again the
quantum Liouville theory associated with RF in.
It is worthwhile to comment here the difference between our formulation and the standard
weak coupling Liouville theory [3]–[6]. In the standard approaches whose action is given in
(3.4), the theory also has RF in structure as shown in section 3.1. But unlike the quantum
sector Sq(φ; gˆP ) of our model, the background metric can be freely chosen together with
the shift of Liouville field Φ(z, z¯). For example, in Refs.[3, 4], the metric in the light-cone
gauge ds2 = |dx+ + µdx−|2, which is conformally equivalent to the metric in the conformal
gauge ds2 = eγ˜φ˜(z,z¯)dzdz¯ was chosen. These choices have the flat background metric. On the
contrary, in our formulation, the background metric is automatically selected as gˆP . Thus
the appearance of the classical sector in addition to the quantum theory associated with
RF in is the characteristic feature of our formulation. We will recognize the importance of
the classical sector from the viewpoints of geometric quantization of moduli space in section
3.5.
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3.4 Fusion Rules
Before going to the discussion of the correlation function, it is interesting to look at fusion
rules in our model. First, we have to investigate Clebsh-Gordan (CG) decomposition rule
for the tensor product of two irreducible infinite dimensional representations of Uqsl(2,C),
V1 ⊗ V2 −→ V3, (3.26)
where Vi := V
irr
µi,νi
∼= V clζi ⊗ Vji. The quantum CG coefficient, known as the q-3j symbol, for
the infinite dimensional representations of Uqsl(2,C) is given when q is not a root of unity
as follows,
[
h1 h2 h3
r1 r2 r3
]Uqsl(2,C)
q
= C(q)δr1+r2, r3∆˜(h1, h2, h3)
×
{
[2j − 1][r3 − h3]![r1 − h1]![r2 − h2]![r1 + h1 − 1]![r2 + h2 − 1]!
[r3 + h3 − 1]!
}1/2
×∑
R≥0
(−)RqR2 (r3+h3−1) 1
[R]![r3 − h3 − R]![r1 − h1 − R]![r1 + h1 − R− 1]!
· 1
[h3 − h1 − r1 +R]![h3 + h2 − r1 +R− 1]! , (3.27)
where C(q) is a factor which is not important for our analysis below and
∆˜(h1, h2, h3) (3.28)
= {[h3 − h1 − h2]![h3 − h1 + h2 − 1]![h3 + h1 − h2 − 1]![h1 + h2 + h3 − 2]!}1/2.
The notations hi := hµi νi = ζip− ji, ri = (ζi + ki)p−mi have been used. Of course for our
case, i.e., q = exp(πip
′
p
), the CG coefficient is not necessarily well-defined due to the factor
[p] = 0. What we have to do is only to find conditions which give finite CG coefficients.
Since the calculation is lengthy and our interest is not in the details, we describe here only
the quite interesting result; finite CG coefficients exist if and only if
ζ1 + ζ2 ≤ ζ3,
|j1 − j2| − 1 < j3 ≤ min (j1 + j2, p− 2− j1 − j2).
(3.29)
It should be noticed that, on the modules V cl and V, the coproducts of the operatorsK = qH
and L0 are ∆(K) = K ⊗K and ∆(L0) = L0 ⊗ 1 + 1 ⊗ L0, respectively. The coproduct of
the Cartan operator yields the conservation law of the highest weights, physically speaking,
the conservation of the spin or angular-momentum along the z-axis. Now, from the above
coproducts, we have the conservation laws (ζ1+k1)+(ζ2+k2) = (ζ3+k3) and m1+m2 = m3
(mod p). Therefore the minimum value of j3 is just |j1 − j2| because the difference between
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|j1−j2| and j3 is always integer. We therefore obtain the following decomposition rule of the
tensor product of two infinite dimensional representations of Uqsl(2,C) at a root of unity,
(
V clζ1 ⊗ Vj1
)⊗(
V clζ2 ⊗ Vj2
)
=
 ⊕
ζ1+ζ2≤ζ3
V clζ3
⊗min {j1+j2,p−2−J1−j2}⊕
j3=|j1−j2|
Vj3
 . (3.30)
The decomposition rules for the tensor products of V clζ and of Vj are the same as those for
the tensor products of the sl(2, IR) and of the finite dimensional representation of Uqsl(2,C),
respectively.
Applying this decomposition rule to our model, fusion rule is
[
eh1γΦ
]
×
[
eh2γΦ
]
=
 ∑
ζ1+ζ2≤ζ3
[
eζ3ϕcl
]⊗min {j1+j2,p−2−J1−j2}∑
j3=|j1−j2|
[
e−j3γ˜φ
) , (3.31)
namely, exactly the same as the tensor product the fusion rules of the classical theory and
those of the weak coupling theory. This result means that the classical sector and the
quantum sector never mix with each other.
3.5 Correlation Functions and Amplitudes
Let us return to the discussion of the correlation functions in our model. The original
definition was given in eq.(3.20). What we will see in this section is how the correlation
function and amplitude can be written by the decompositions of vertices and actions. Since,
as we have seen, the Liouville field Φ can be expanded around the classical solution, the
functional measure is [dΦ] = [dφ] up to a constant. The correlation function (3.20) is
expected finally to be factorized into classical sector and quantum sector, i.e., up to some
constant, it can be written as
ZS[m : {µ, ν}] = Zcl[m : {ζ}]Zq[m : {j}]. (3.32)
Here the quantum sector is given by
Zq[m : {j}] :=
∫
[dφ] e−
1
4π
Sq(φ;gˆP )
N∏
i=1
e−jiφ(zi,z¯i), (3.33)
and the classical sector is
Zcl[m : {ζ}] = e− c048πScl(ϕcl), (3.34)
where c0 = 12/β
2 is the central charge of the classical Liouville theory. The action S
cl
(ϕcl)
denotes the classical action defined on the surface with N branch points and regularized
by subtracting the singularities near the branch points. In particular, in the case when
the topology is the N -punctured sphere, i.e., all the vertices carry the charges ζi = 1/2β
2,
S
cl
(ϕcl) is given by eq.(2.15). Let us discuss in more detail. As stated above, the action
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Sq(φ; gˆP ) corresponds to the Liouville action in the conformal gauge ds
2 = eγ˜φ(z,z¯)(gˆP )zz¯dzdz¯
with gˆP being the classical background. Suppose that the correlation function Z
q[m, {j}]
admits holomorphic factorization as,
Zq[m : {j}] =∑
I,J
N I,JΨI [m : {j}]ΨJ [m : {j}], (3.35)
where N IJ is some constant matrix. Here ΨI [m : {j}] is expected to be a holomorphic
section of a line bundle over the moduli spaceM0,N . We will see later that this expectation
is acceptable.
Now we are at the stage to discuss transition amplitudes of our Liouville theory. In order
to obtain a transition amplitude, we have to integrate the correlation function Z[m] over the
moduli space of surface metric with the Weil-Peterson metric. Combining (3.34) and (3.35)
and integrating over the moduli space, N -point transition amplitude AN({ζ}, {j}) has the
following form,
AN({ζ}, {j}) =
∑
I,J
N I,J
∫
M0,N
d(WP )e−
c0
48π
S
cl
ΨI [m; {j}] ΨJ [m : {j}], (3.36)
where d(WP ) stands for the Weil-Peterson measure on the moduli space. Here let us see
the geometrical meaning of the classical sector. For the topology of the N -punctured sphere,
there are quite remarkable facts shown by Zograf and Takhtajan [18] about the connection
between the classical Liouville theory and Ka¨hler geometry of the moduli space of complex
structure. The important facts are as follows: First the Liouville action evaluated on the
classical solution is just the Ka¨hler potential of the Weil-Peterson symplectic structure,
precisely, ωWP = i∂∂S
cl
/2. Second the accessory parameters ci, i = 1 ∼ N are written as
−2πci = ∂Scl/∂zi.3 ¿From these facts, one can show that the functions ci are in involution
[19], i.e., {ci, zj}WP = iδij , where { , }WP is the Poisson bracket with respect to the Weil-
Peterson symplectic 2-form ωWP . Thus the classical Liouville theory can be regarded as the
Ka¨hler geometry of the moduli space of surfaces.
Due to the relation, it is natural to expect the deep connection between our quantum
Liouville theory and the geometric quantization of the moduli space which corresponds to
the phase space of the classical geometry. With this hope, we should try to observe our
result from the viewpoints of geometric quantization. Before doing this, it is helpful to
summarize the basic facts about the geometric quantization of a classical theory. Consider
a Ka¨hler manifold M equipped with a symplectic structure ω which is written in terms of
the Ka¨hler potential K as ω = i∂∂K. The Ka¨hler manifold plays the role of the phase
space of the classical theory. Geometric quantization is performed by building a line bundle
L → M over the 2N dimensional manifold M with the curvature two form F = −iω.
Let us parameterize M by (qi, pi), i = 1 · · ·N , and denote the section as ψ(qi, pi). The
final manipulation to complete the geometric quantization is to impose on L the condition
3This relation between the classical Liouville action and the accessory parameter which is associated with
every puncture was first conjectured by Polyakov.[21]
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that the section is annihilated by the derivatives of half of the variables, which is called a
polarization. In other words, by the choice of a polarization, sections are represented by N
variables. Let us, for example, choose the polarization as ∂piψ = 0, i = 0, · · · , N . Then the
Hilbert space H is the space of sections with the polarization,
H = {ψ | ∂piψ = 0} (3.37)
The inner product onH is introduced with the Hermitian metric e−K , i.e., for ψ1, ψ2 ∈ H, it is
〈ψ1, ψ2〉 = ∫ e−Kψ1·ψ2, where the measure is that defined by ω. Putting our expression (3.36)
together with the fact that, as we have seen in the last part of Section 2, a line bundle with
the Hermitian metric exp( k
π
S
cl
) can be constructed on the moduli space M0,N = (mi, ci),
the holomorphic part ΨI [m] of the quantum sector can be regarded as a holomorphic section
of the Hermitian line bundle Lc0 →M0,N with the polarization ∂ciΨ = 0 and the curvature
is c0
12π
ωWP . On the other hand, the classical correlation function (3.34) corresponds to a
Hermitian metric defining an inner product 〈 , 〉c0 on the Hilbert space which is the space
of sections Ψ[m]. Hence, at least for the topology of the N -punctured sphere, the amplitude
can be written as A = ∑N I,J〈ΨI ,ΨJ〉c0.
Thus the quantum Liouville theory associated with RrootInf fits well with the geometric
quantization of moduli space. The factorization property into the classical sector and the
quantum sector plays an important role here and is just the special feature appearing only
in the Liouville theory associated with RrootInf .
3.6 Central Charge and Some Discussions
Finally we give some discussions about our Liouville theory. What we have understood in
the above discussions is that the quantum Liouville theory based on the infinite dimensional
representations of Uqsl(2,C) at a root of unity factorizes into the classical Liouville theory
and the quantum Liouille theory based on the finite dimensional reprsentations of Uqsl(2,C),
and the latter governs quantum fluctuations around the classical surface. The following
discussions are on this observation, namely, we start from the action
1
4π
ŜL =
1
4πβ2
∫
d2z
(
∂ϕcl∂ϕcl + e
ϕcl
)
+
1
4π
∫
d2z
√
gˆP
(
∇φ∇φ+QRgˆPφ
)
, (3.38)
rather than the original one (3.16). Here we have set Λ = 0 for the convenience. It is
important to notice that, since eγΦ is a Riemannian metric, the Liouville field γΦ should be
real, and, therefore, γ˜φ is real as well. Recall the relation (3.25) and notice that γ˜2 can be
negative. When γ˜ is pure imaginary, the quantum filed φ is also imaginary and the second
term in (3.38) has wrong sign, while if γ˜ is real, φ is a real field and the quantum sector has
correct sign. In the following discussions, we would like to impose another assumption that
β = γ, equivalently, τ = 1, in order for the background metric gˆP to be the poincare´ metric,
It is easy to calculate EM tensor from the total action, and one finds,
T totzz = T
cl(z) + T q(z) + Tmix(z), (3.39)
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T cl(z) =
1
γ2
(
−1
2
∂ϕcl∂ϕcl + ∂
2ϕcl
)
,
T q(z) = lim
w→z
[(
−1
2
∂zφ∂wφ+Q∂
2φ
)
− 1
(z − w)2
]
,
Tmix(z) = Q∂ϕcl∂φ,
T totzz¯ = 0. (3.40)
The term Tmix comes from the curvature term in (3.38) where the classical and quantum
Liouville fields ϕcl, φ interact with each other. The second line (3.40) guarantees that the
total system is again conformally invariant.
It is the time to estimate the central charge to confirm thet our model is actually a strong
coupling theory. To do this, let us observe how the EM tensor T (z) ≡ T totzz transfroms under
the change of variable z → f(z). Since the EM tensor is a second rank tensor with central
extension, it should satisfy the following transformation law,
Tˆ (z) =
(
df
dz
)2
T (f) +
cL
12
{f, z}S. (3.41)
However, one sees that eq.(3.39) satisfies (3.41) if and only if Q = 0, and the central harge
is given by
cL = 1 +
12
γ2
. (3.42)
The first term 1 arises from the quantum sector T q(z), precisely, from the subtraction of the
singularity 1/(z − w)2, 4 and the second term 12/γ2 comes from the classical sector. Puttig
together the central charge (3.42) with eq.(3.8), one finds
1
γ
=
√
25−D
12
= Q0. (3.43)
Notice that the original coupling constant γ is real for the dimension D ≤ 25, and that
the central charge of our Liouville theory can be actually in the strong coupling region,
1 < cL < 25 for γ > 1/
√
2. It is interesting to give some of the allowed dimension D of the
target space in our model. Recalling the assignment γ2/2 = p′/p with integers p, p′ being
coprime with each other and (3.43), one finds
(i) when p′ = 1, D = 1, 7, 13, 19,
(ii) when p′ = 2, D = 4, 10, 16, 22, (3.44)
(iii) when p′ = 3, D = 3, 5, 9, 15, 17, 21, 23.
· · · · · ·
4 The author thanks N. Ano for a very useful discussion on this
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We can obtain fractional dimensions as well. If another matter whose central charge is
fractional couples to the string theory, such a fractional dimension will become crucial. In
the case (i), the dimensions are completely the same as those given in [8]. This is a strange
coincidence, since we are dealing with the case when q is a root of unity, whereas, in [8], the
parameter q is not a root of unity.
This central charge (3.42) coincides with that obtained by Takhtajan in Refs.[13, 14],
where a manifestly geometrical approach was used. Along the Polyakov’s original formula-
tion of quantum Liouville theory, he started with conformal Ward identities via functional
integral. Upon perturbation expansions around the classical solution corresponding to the
Poincare´ metric, he obtained the central charge (3.42). It is worth mentioning that in both
approaches, the quantum Liouville theory is expanded around the classical solution, i.e.,
the Poincare´ metric. In other words, a quantum Riemann surface is treated as a total of
a classical surface endowed with the hyperbolic geometry and quantum corrections around
it. Indeed, in Takhtajan’s approach, the classical limit recovers the underlying hyperbolic
geometry of Riemann surface. In our case, owing to the condition Q = 0, the total action
(3.38) is just the sum of the clasical Liouville action and a quantum action without any
mixing terms. The quabtu field φ(z, z¯) can be interpreted as the D + 1-th component of
the string, and we obtain the D + 1 dimnsional spacetime. As suggested previously, the
signature the spacetime has depends on the sign of γ˜2.
Next we turn our attention to the conformal dimension. In also this discussion, we are
on the conjecture Q = 0. The vertex operator of the string dressed by gravity is written as
V (z, z¯) =
∫
d2z
√
g : OX : ∼=
∫
d2zeτϕcl : eγ˜φOX : (3.45)
where OX stands for a pure string vertex operator. Let ∆0,∆X be the dimensions of the
classical Liouville exponential and the string vertex, respectively, and one finds the following
relation to the conformal dimensions
∆0 − γ˜
2
2
+ ∆X = 1. (3.46)
The middle term in the left hand side of (3.46) is the conformal dimension of the exponential
eγ˜φ. Since we have chosen τ = 1, the background metric gˆP is the Poincare´ metric and so
∆0 = 1. Then, together with (3.25), one finds
γ˜2
2
= ∆X =
γ2
2
+ 2n, n = 0, ±1, · · · . (3.47)
This equation suggests that the matters (string) which couple to the Liouville theory form
a discrete series in conformal dimension and that the constant γ˜ can be imaginary.
In summary, our Liouville theory can be interpreted as follows: It is the total system of the
classical Liouville theory plus the fluctuation around the classical manifold, which becomes
the D + 1-th component of the string. The same situation occurs in the weak coupling
Liouville theory, although in that case the classical Liouville sector does not appear. In
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the weak coupling theory when the dimension of the target space is D = 25, the quantum
Liouville field is regarded as the time component of the string with wrong sign and, as the
result, the spacetime becomes the 26 dimensional Minkowski space. On the contrary, in our
case, we have more choices for the dimension D as listed in (3.44), especially, for γ2 = 6
11
,
the dimension of the target space is D = 3 and, therefore, with the field φ as the time
component, our space-time is the 4 dimensional Minkowski or Euclid space according to the
sign of the quantum sector Sq.
4 Summary and Discussions
We have developed a new approach to the quantum Liouville theory via the infinite dimen-
sional representations of Uqsl(2,C) when q = exp(πi p
′/p). In this Liouville theory we have
dealt with, only the vertex operators with positive charges α can be defined. The char-
acteristic feature of RrootInf is that every irreducible highest weight module V irrµ,ν necessarily
factorizes into the highest weight module V clζ of the classical algebra sl(2, IR) and Vj , the
(2j+1)-dimensional representation of Uqsl(2,C). Our investigations in this article have been
performed by making full use of this feature. Owing to this fact, we observed that the vertex
operators with positive charge α = hµν factorized into the classical vertex operator with
charge ζ and the vertex operator with negative charge −j as in eq.(3.21), where the relation
hµν = ζp−j was understood. We further conjectured that the Liouville action ŜL(Φ) should
also decompose into the classical Liouville action Scl(ϕcl) and S
q(φ; gˆP ) with the classical
background gˆP = e
τϕcl(z,z¯), where eϕcl defines the Poincare´ metric. Since the field φ(z, z¯)
can be interpreted as the Liouville field which measures the quantum fluctuations of the
metric around the classical metric eτϕcl, the Liouville theory Sq(φ; gˆP ) governs the theory of
quantum fluctuations of quantum Riemann surfaces around the classical surfaces. Namely
in our formulation, the quantum Liouville theory ŜL(Φ) describes quantum 2D space-time
as the total system of the classical space-time and the quantum fluctuations around it. We
found that the Liouville theory governed by the action Sq(φ; gˆP ) was associated with the
finite dimensional representations RF in. We remarked the difference between our Liouville
theory and the standard Liouville theory [3]–[6] which is confined to the weak coupling re-
gion. Although, in both theories, quantum fluctuations of metric are deeply related to RF in,
our theory contains the classical Liouville theory yielding the underlying Ka¨hler geometry,
whereas the latter does not. It is quite important to emphasize that, our quantum Liouville
theory is certainly in the strong coupling regime.
Another interesting result was that our Liouville theory fitted well with the concepts of
geometric quantization of the moduli space of metrics. First of all, we have noted that the
classical Liouville theory is in agreement with the Ka¨hler geometry of the moduli space, where
the Liouville action evaluated on the classical solution ϕcl is nothing but the Ka¨hler potential
of the Weil-Peterson metric ωWP . Second, we have observed that the Hermitian line bundle
Lc0 can be built over the moduli space M0,N with the Hermitian metric exp (− c048πS
l
). The
role of holomorphic sections of the line bundle Lc0 is played by the holomorphic part Ψ[m; {j}]
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of the quantum sector Zq[m : {j}]. Thus, as we have seen in eq.(3.36), the transition
amplitude in our theory agrees with the inner product of two wave functions corresponding
to the sections of the line bundle Lc0. Remembering that the quantum Liouville theory can
be regarded as a quantum geometry of Riemann surfaces, our observation of our quantum
Liouville theory from the viewpoints of geometric quantization of moduli space seems to be
quite natural.
At this stage, it is worthwhile to compare our quantum gravity with that formulated in
Ref.[22] where c > 1 two-dimensional quantum gravity was treated via geometric quantiza-
tion of moduli space. Riemann surfaces in his consideration are compact and have genus
g > 1. There, the transition amplitude between some initial state ΨI and some final state
ΨF is given by the inner product (see eq.(5.7) in Ref.[22])
〈ΨI ,ΨF 〉 =
∫
d(WP )ZL[m]ΨI [m]ΨF [m], (4.1)
where ZL[m] is the Liouville partition function (let σ(z, z¯) be the Liouville field). Ψ[m] is a
holomorphic section of a line bundle over the moduli space and can be identified with the
conformal block obtained by solving the conformal Ward identity of Polyakov [3]. Therefore
Ψ[m] is considered as the holomorphic sector of the partition function in the weakly coupled
Liouville gravity. In that paper, the metric on the Riemann surface is parameterized as
ds2 = eσ(z,z¯)|dz+ µdz¯|2. Now it is easy to find intimate relations between the formulation of
Verlinde and our Liouville gravity except only one big difference. In both theories, a quantum
Riemann surface is composed of two sectors, one is the Riemann surfaces as a background
and the other corresponds to quantum fluctuations around the background surface. In the
Verlinde’s formulation, the quantum fluctuation is parameterized by the Beltrami differential
µ. The difference arises in the choice of background surfaces; the background Riemann
surface in our theory is just the classical surface with the Poincare´ metric eϕcl(z,z¯), while in
the Verlinde’s formulation it is again a quantum surface with the metric eσ(z,z¯). Because
σ(z, z¯) is not a classical field, the partition function ZL[m] in eq.(4.1) cannot be written as
Zcl[m] in our theory. Note again that the holomorphic sections Ψ[m] in both theories are
related only to the quantum fluctuations.
Although we have observed some remarkable features of the quantum Liouville theory
associated with RrootInf and obtained a natural concept of quantum 2D space-time within the
framework of our formulation, there still remain some important problems to be investigated.
I list some of them below. First, and maybe most important problem is the explicit relation
between our quantum Liouville theory and Takhtajan’s one. These two models give the
same central charge. Moreover, in both approaches, the classical geometry appears as a
background, namely, the quantum metrics are to be expanded around the classical metric of
Riemann surface, the Poincare´ metric. Inspired by the agreements, it is quite interesting and
important to find the relation, although at first glance these two approaches are completely
different, i.e., Takhtajan’s approach is fully geometric and ours is algebraic. Second, Virasoro
structure of this model is an interesting problem. Finding this structure will allow more
explicit discussions of our Liouville theory, especially correlation functions. This also maybe
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sheds light on the problem of c > 1 discrete series of the Virasoro algebra. It is well-known
that representations of the Virasoro algebra with c > 1 always form continuous series.
However, since the highest weight representations RrootInf form a discrete series and our model
can have central charges greater than 1, it can be expected to find such a discrete series.
These discussions will appear elsewhere.[23]
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A Infinite Dimensional Representations with q at a
root of unity
The Appendix gives a brief review of Ref.[11] where the infinite dimensional highest weight
representations of Uqsl(2,C) is examined for the case when the deformation parameter q is
a root of unity. Let q = exp πi/p. 5 The most essential feature which we have made full use
of in our discussions is stated in the following theorem;
Theorem. Every infinite dimensional irreducible highest weight representation, denoted
as V
Uqsl(2,C)
I is necessarily isomorphic to the tensor product of two highest weight represen-
tations as
V
Uqsl(2,C)
I
∼= V sl(2,IR)
⊗
V
Uqsl(2,C)
F , (A.1)
where V sl(2,IR) is a representation of the classical algebra su(1, 1) ∼= sl(2, IR) and V Uqsl(2,C)F is
a finite dimensional representation of Uqsl(2,C).
Below we will prove this theorem (see Refs.[11] for the detailed discussions).
Let X+, X−, K = q
H be the generators of the quantum universal enveloping algebra
Uqsl(2,C) satisfying the relations
[X+, X−] =
K2 −K−2
q − q−1 , KX± = q
±1X±K. (A.2)
To get infinite dimensional representations, we define hermitian conjugations as X†± =
−X∓, K† = K−1. As in the classical case, we represent Uqsl(2,C) with these conjuga-
tions by constructing the highest weight module Vh on the highest weight state Λ
h
0 such as
X−Λ
h
0 = 0, KΛ
h
0 = q
hΛh0 ,
Vh = {Λhr |Λhr :=
Xr+
[r]!
Λh0 , r = 0, 1, · · · }. (A.3)
5In the previous sections, we used the choice q = exp pii p
′
p
. For the brevity of our discussions, we will
choose p′ = 1 in the appendix. The essential parts of our discussion is independent of the choice for p′.
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Upon using the hermitian conjugations and the relations (A.2), the norm of the state Λhr is
easily calculated as
‖ Λhr ‖2=
[
2h+ r − 1
r
]
q
(A.4)
with the normalization ‖ Λh0 ‖2= 1.
The first problem we come across when q is a p-th root of unity is that the norm of the
state Λhp diverges owing to the factor [p] = 0 in the denominator. Thus, for arbitrary highest
weight h, the highest weight module Vh is not necessarily well-defined. The only way to
avoid this undesirable situation is to require that there exist two integers µ ∈ {0, 1, · · · , p}
and ν ∈ IN, such that the highest weight is given by,
h = hµν :=
1
2
(pν − µ+ 1). (A.5)
For the highest weight hµν , the factor [2hµν + µ − 1] = 0 appearing in the numerator of
the right hand side of the norm (A.4) makes the p-th state a finite-norm state, and so the
module Vhµν is well-defined. However, due to the zero, there appears the set of zero-norm
states
Xµν =
∞⊕
k=0
{Λhkp+µ,Λhkp+µ+1, · · · ,Λh(k+1)p−1}. (A.6)
One can immediately show that, upon the relation [kp+x] = (−)k[x], ‖ χ ‖2= 0 for χ ∈ Xµ,ν .
It is interesting to notice that the Vhµν actually form a discrete series parameterized by the
two integers µ and ν. This is a characteristic feature of RrootInf . Indeed this is not the case
for the infinite dimensional representations of the classical algebra sl(2,C) and of Uqsl(2,C)
with generic q as well. It will be turned out that one of the parameter, say, ν parameterizes
the classical sector V sl(2,IR) and the other, µ, is concerned with V
Uqsl(2,C)
F .
Let Vµ,ν := Vhµν and Λ
µν
r := Λ
hµν
r . The second problem we encounter in the construction
of an irreducible highest weight module is that Xp± are nilpotent on the module Vµν , i.e.,
(X±)
pΛ = 0 for ∀Λ ∈ Vµ,ν . Therefore one cannot move from a state to another state by
acting X+ or X− successively. Moreover, the relation K
2N = 1 on Vµ,ν indicates that one
cannot measure the weight of a state completely. In order to remedy these situations, we
should change the definition of Uqsl(2,C) by adding new generators,
L1 := −(−X−)
p
[p]!
, L−1 :=
Xp+
[p]!
, L0 :=
1
2
[
2H + p− 1
p
]
q
(A.7)
to the original ones, X+, X− and K = q
H . The complete highest weight module Vµ,ν is
constructed by acting X+ and L−1 on the highest weight state Λ
µν
0 which is defined by the
relations, X−Λ
µν
0 = L1Λ
µν
0 = 0.
The third problem, which we do not encounter in the classical case and the case when
q is not a root of unity, is that there is an infinite chain of submodules in Vµ,ν . That
is to say, Vµ,ν is no longer irreducible. Let us observe this characteristic feature briefly.
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First of all, one sees that the state Λµνµ is a highest weight state because both X− and L1
annihilate this state. Therefore a submodule exists on the state Λµνµ . Since this state has
weight hµµ + µ = h−µν , the submodule can be regarded as V−µ,ν . Next one again finds a
submodule Vµ,ν+2 on Λ
−µν
p−µ ∈ V−µ,ν . Repeating this procedure, one obtains the following
chain of submodules in the original module Vµ,ν ,
Vµ,ν ⊃ V−µ,ν ⊃ Vµ,ν+2 ⊃ V−µ,ν+2 ⊃ · · · ⊃ Vµ,ν+2k ⊃ V−µ,ν+2k ⊃ · · · . (A.8)
Then, irreducible highest weight module on the highest weight state Λµν0 , denoted by V
irr
µ,ν ,
is obtained by subtracting all the submodules, and it is obtained as
V irrµ,ν =
∞⊕
k=0
V (k)µ,ν , V
(k)
µ,ν := {Λµνkp+s | s = 0, 1, · · · , µ− 1}. (A.9)
It should be noticed that all the states subtracted in the procedure are the elements in the
set Xµ,ν and, therefore, no zero norm state exists in V irrµ,ν , namely,
V irrµ,ν = Vµ,ν\Xµ,ν . (A.10)
We have now obtained irreducible highest weight modules. Notice that every irreducible
infinite dimensional highest weight representation is composed of an infinite number of blocks
V (k), k = 0, 1, · · ·, each of which contains finite number of states. This feature is the very
origin of the fact stated in the Theorem (A.1). To see this is the next task.
Now we are the last stage to prove the Theorem. To complete the proof, we make some
observations. In the following we will denote the level of a state by kp+ s where s runs from
0 to µ− 1 and k = 0, 1, · · ·, instead of r, r = 0, 1, · · ·.
Observation 1. On V irrµ,ν
Xkp+s±
[kp+ s]!
= (−) 12k(k−1)p+ksL
k
∓1
k!
Xr±
[ s ]!
. (A.11)
Observation 2. The sets of generators {X+, X−, K} and {L1, L−1, L0} are mutually com-
mutable on the irreducible highest weight module V irrµ,ν .
These observations indicate that there exists a map ρ : V irrµ,ν → V inf ⊗ V, where V is
the finite dimensional space composed of µ states. Further ρ induces another map ρˆ :
Uqsl(2,C) → Uinf ⊗ U , such that ρ(OΛ) = ρˆ(O)ρ(Λ). In the second paper in Ref.[11], such
the isomorphisms ρ and ρˆ have been obtained. In the following, we shall restrict the module
V irrµ,ν to the unitary irreducible representation. In that case,
ρ(Λµνkp+s) = (−)
1
2
k(k−1)p+ksλζk
⊗
Ψjm, (A.12)
and
ρˆ(X±) = 1⊗ (±J±), ρˆ(K) = 1⊗K, (A.13)
ρˆ(L±1) = (∓G±1)⊗ 1, ρˆ(L0) = G0 ⊗ 1, (A.14)
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where ζ = ν/2, j = (µ− 1)/2 and m = −j + s.
Observation 3. The actions of {J±,K} ∈ U on the state Ψjm ∈ V are calculated as
J±Ψjm = [j ±m+ 1]Ψjm±1, KΨjm = qmΨjm, (A.15)
Observation 4. The actions of Gn, (n = ±1, 0) ∈ U inf on λζk ∈ V inf are as follows,
G1λ
ζ
k = (2ζ + k − 1)λζk−1, G−1λζk = (k + 1)λζk+1, G0λζk =
(
1
2
ζ + k
)
λζk. (A.16)
The Observation 3 shows that J±,K satisfy the relations of Uqsl(2,C), i.e., U =
Uqsl(2,C) with the hermitian conjugations J †± = J∓,K† = K−1. Therefore, taking it into
account that ∀Ψjm has positive norm, V is a unitary finite dimensional representation of
Uqsl(2,C) with the highest weight j. We rewrite such the representation as Vj, i.e., dim.Vj =
2j + 1. On the other hand, Observation 4 leads us to the following relations among
Gn, n = 0,±1,
[Gn.Gm] = (n−m)Gn+m, (A.17)
and hermitian conjugations G†±1 = G∓1, G
†
0 = G0. Therefore we can conclude that U
inf is
just the classical universal enveloping algebra of su(1, 1) ∼= sl(2, IR), i.e., U inf = Usl(2, IR)
and V inf is the unitary highest weight representation of sl(2, IR) with highest weight ζ .
We denote the representation by V clζ . We have now finished the proof of the theorem and
obtained the important structure of RrootInf as
V irrµ,ν
∼= V clζ
⊗Vj . (A.18)
In the Theorem, V irrµ,ν , V
cl
ζ and Vj are denoted by V Uqsl(2,C)I , V sl(2,IR) and V Uqsl(2,C)F , respectively.
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